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Abstract
We prove the boundedness of Calderón–Zygmund operators on weighted amalgam spaces (Lp, qw)(Rn)
for 1 < p,q < ∞ with Muckenhoupt weights. To do this, we show the boundedness in the discrete case,
i.e. the boundedness on qw(Zn). We also investigate on (Lp, ∞w )(Rn). As an application we consider an
operator related to the Navier–Stokes equation.
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Let w = {wz}z∈Zn be a positive sequence. For a sequence a = {az}z∈Zn , let
‖a‖qw =
∥∥{az}z∈Zn∥∥qw =
{
(
∑
z∈Zn |az|qwz)1/q, 0 < q < ∞,
supz∈Zn |az|wz, q = ∞.
In the case wz = 1 for all z ∈ Zn, we denote qw by q briefly. Let Q0 be the cube {x =
(x1, . . . , xn) ∈ Rn: |xi |  1/2, i = 1, . . . , n} and Qz = {x ∈ Rn: x − z ∈ Q0} for z ∈ Zn. For
0 <p,q ∞, the weighted amalgam space (Lp, qw)(Rn) is defined to be the set of all f on Rn
such that ‖f ‖(Lp,qw) < ∞, where
‖f ‖(Lp,qw) =
∥∥{‖f ‖Lp(Qz)}z∈Zn
∥∥

q
w
. (1)
If p = q , then (Lp, p)(Rn) = Lp(Rn). Using the idea of considering the amalgam space, we
can separate the global behaviour from the local behaviour of a function. The amalgam space has
a long history and has been studied by many authors, [2,6,8,9,11], etc. For the history, see for
example [9].
In this paper we prove the boundedness of Calderón–Zygmund operators
Tf (x) =
∫
K(x,y)f (y) dy
on weighted amalgam spaces (Lp, qw)(Rn) for 1 <p,q < ∞ with Muckenhoupt weights (Theo-
rem 7). To do this, we show the boundedness in the discrete case, i.e. the boundedness on qw(Zn)
(Theorem 16). We also investigate on (Lp, ∞w )(Rn) (Theorem 8).
The Hilbert transform and the Riesz transforms are typical examples of Calderón–Zygmund
operators. Both are also singular integral operators with convolution kernels. The Hilbert trans-
form on p(Z) and on pw(Z) were studied in [15] and [12], respectively. Singular integral
operators with convolution kernels on p(Zn) were observed in [3, p. 138]. Theorem 16 is an
extension of them. See also Grafakos [10] for the Hilbert transform on 2(Z).
The relation of operators on Lp(Rn) and p(Zn) were studied in [1] and [4]. We give another
characterization (Theorem 15). For discrete analogues for several operators in harmonic analysis,
see also Stein and Wainger [17–19], etc.
Our results for 1 <p,q < ∞ can be applied to an operator related to the Navier–Stokes equa-
tion. Moreover we point out that the operator cannot be adapted to the critical case (Lp, c0)(Rn),
whose definition is in the next section.
We state main results for amalgam spaces in Section 2. In Section 3 we state the relation of
operators on Lp(Rn) and p(Zn) and the boundedness in the discrete case. In Section 4 we give
an application.
2. Calderón–Zygmund operators on (Lp, qw)(Rn)
If 1  p,q  ∞, then ‖f ‖(Lp,qw) in (1) is a norm and (Lp, 
q
w)(R
n) is a Banach space.
Let C∞comp(Rn) be the set of all infinitely differentiable functions with compact support. If
1  p,q < ∞, then C∞comp(Rn) is dense in (Lp, qw)(Rn). We note that the norm ‖f ‖(Lp,∞)
is equivalent to
sup
Q⊂Rn
(∫ ∣∣f (x)∣∣p dx
)1/p
,Q
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the set of all f ∈ (Lp, ∞)(Rn) such that ‖f ‖Lp(Qz) → 0 as |z| → ∞. Then (Lp, c0)(Rn) is a
closed subspace of (Lp, ∞)(Rn) and C∞comp(Rn) is dense in (Lp, c0)(Rn).
A function W on Rn is called a weight if W is in L1loc(R
n) and positive a.e. For a weight W
and a cube Q, we denote W(Q) = ∫
Q
W(x)dx. For a weight W , let LpW(R
n) be the set of all
function f on Rn such that ‖f ‖LpW < ∞, where
‖f ‖LpW =
( ∫
Rn
∣∣f (x)∣∣pW(x)dx
)1/p
.
If a weight W satisfies
sup
z∈Zn
‖W‖L∞(Qz)
ess infx∈Qz W(x)
< +∞,
then (Lp, pw)(Rn) = LpW(Rn) for w = {W(Qz)}z∈Zn .
Following [20], we recall the definition of Calderón–Zygmund operators. Let Ω be the set
of all nonnegative nondecreasing functions ω on (0,+∞) such that ∫ 10 ω(t)t−1 dt < +∞ and
ω(2t) Cω(t) for some constant C > 0.
Definition 1. Let ω ∈ Ω . A continuous function K(x,y) on Rn × Rn \ {(x, x) ∈ R2n} is said to
be a standard kernel of type ω if the following conditions are satisfied:∣∣K(x,y)∣∣ C|x − y|n for x = y, (2)∣∣K(x,y)−K(x, z)∣∣+ ∣∣K(y,x)−K(z, x)∣∣ C|x − y|n ω
( |y − z|
|x − y|
)
for 2|y − z| |x − y|. (3)
Definition 2. Let ω ∈ Ω . A linear operator T from S(Rn) to S ′(Rn) is said to be a Calderón–
Zygmund operator of type ω if there exists a standard kernel K of type ω such that
Tf (x) =
∫
Rn
K(x, y)f (y) dy, x /∈ suppf, f ∈ C∞comp
(
R
n
)
, (4)
‖Tf ‖L2  C‖f ‖L2, f ∈ C∞comp
(
R
n
)
. (5)
Definition 3. For a Calderón–Zygmund operator T with a kernel K , the truncated maximal
operator T∗ of T is defined by
T∗f (x) = sup
>0
∣∣∣∣
∫
|y−x|>
K(x, y)f (y) dy
∣∣∣∣.
Next we recall the Muckenhoupt Ap weight classes.
Definition 4. For 1 <p < ∞, a weight W is said to be in Ap(Rn) if
|W |Ap = sup
Q
(
1
|Q|
∫
Q
W(x)dx
)(
1
|Q|
∫
Q
W(x)−1/(p−1) dx
)p−1
< +∞,
where the supremum is taken over all cubes Q in Rn.
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|w|Ap = sup
Q
(
1
#(Q∩ Zn)
∑
z∈Q
wz
)(
1
#(Q∩ Zn)
∑
z∈Q
w
−1/(p−1)
z
)p−1
< +∞,
where the supremum is taken over all cubes Q in Rn and #(Q ∩ Zn) is the number of z ∈ Zn
which are in Q.
See [5,12,13] for the basic properties of Ap . Then the following is known.
Theorem 6. (See [20, Theorem 2.4].) Let ω ∈ Ω . If T is a Calderón–Zygmund operator of
type ω, then T and its truncated maximal operator are bounded on LpW(Rn) for 1 <p < ∞ andfor W ∈ Ap(Rn).
For weighted amalgam spaces we have the following (our main results).
Theorem 7. Let ω ∈ Ω . If T is a Calderón–Zygmund operator of type ω, then T is bounded on
(Lp, 
q
w)(R
n) for 1 <p,q < ∞ and for w ∈ Aq(Zn).
For positive sequences w = {wz}z∈Zn and v = {vz}z∈Zn , we denote
w ∗ v = {(w ∗ v)z}z∈Zn , (w ∗ v)z =
∑
ζ∈Zn
wz−ζ vζ ,
and
w−1 = {wz−1}z∈Zn .
Let θ = {(1 + |z|)n}z∈Zn and let Θ be the set of all positive sequences w such that w−1 ∗ θ−1 is
well defined.
Theorem 8. Let ω ∈ Ω . If T is a Calderón–Zygmund operator of type ω, then T is bounded from
(Lp, ∞w )(Rn) to (Lp, ∞¯w )(Rn), w¯ = (w−1 ∗ θ−1)−1, for w ∈ Θ .
Remark 9. If wz → +∞ as |z| → +∞, then (Lp, ∞w )(Rn) ⊂ (Lp, c0)(Rn). We show in Propo-
sition 20 that there exists a Calderón–Zygmund operator which is not bounded from (Lp, c0)(Rn)
to itself.
To prove Theorem 7, we state some lemmas and a theorem.
For a cube Q and k > 0, we denote by kQ the cube with the same center as Q and the side
length k times that of Q, and, by χQ the characteristic function of Q. Let χz = χQz for z ∈ Zn.
A weight W ∈ L1loc(Rn) is said to satisfy the doubling condition if there exists a constant
C > 0 such that W(2Q) CW(Q).
We note that, for all W ∈ Ap(Rn), 1 < p < ∞, W and W−1/(p−1) both satisfy the doubling
condition. Then we have the following lemma.
Lemma 10. If W ∈ Ap(Rn), then w ∈ Ap(Zn) for w = {W(Qz)}z∈Zn . Conversely, if w ∈
Ap(Z
n), then W ∈ Ap(Rn) for W =∑z∈Zn wzχz.
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z∈Q
wz wz′ |w|Ap
(
#
(
Q∩ Zn))p.
Proof. For any positive sequence a = {az}z∈Zn and for any cube Q,
∑
z∈Q
az =
∑
z∈Q
azwz
1/pwz
−1/p 
(∑
z∈Q
az
pwz
)1/p(∑
z∈Q
wz
−p′/p
)1/p′
.
Using −p′/p = −1/(p − 1) and the definition of Ap(Zn), we have(∑
z∈Q
az
)p∑
z∈Q
wz 
(∑
z∈Q
az
pwz
)
|w|Ap
(
#
(
Q∩ Zn))p.
For z′ ∈ Q, let az′ = 1 and az = 0, z = z′. Then∑
z∈Q
wz wz′ |w|Ap
(
#
(
Q∩ Zn))p. 
The Hardy–Littlewood maximal function of f ∈ L1loc(Rn) is defined by
Mf (x) = sup
Qx
1
|Q|
∫
Q
∣∣f (y)∣∣dy,
where the supremum is taken over all cubes Q containing x. It is known that, if W ∈ Ap(Rn),
1 <p < ∞, then there exists a constant C > 0 such that
‖Mf ‖LpW  C‖f ‖LpW .
For a sequence a = {az}z∈Zn , the discrete maximal function Mda is defined by
(Mda)z = sup
Qz
1
#(Q∩ Zn)
∑
ζ∈Q
|aζ | for z ∈ Zn,
where the supremum is taken over all cubes Q containing z.
Then the following is known. We give a proof for convenience.
Theorem 12. The operator Md is bounded on pw for 1 <p < ∞ and for w ∈ Ap(Zn).
Proof. Let W =∑z∈Zn wzχz. For a sequence a = {az}z∈Zn , let f =∑z∈Zn azχz. Then we can
see easily that (Mda)z Mf (x) for x ∈ Qz by the definition. By Lemma 10 we have
‖Mda‖pw  ‖Mf ‖LpW  C‖f ‖LpW = C‖a‖pw . 
Lemma 13. (See [16, p. 63] or [7, Proposition 2.7].) Let h be a function on Rn which is non-
negative, radial, decreasing (as a function on (0,∞)) and integrable. Then∣∣h ∗ f (x)∣∣ C‖h‖L1Mf (x) for x ∈ Rn,
where C > 0 is dependent only on n.
The following is a discrete analogue of the above.
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(hz = hz′ for |z| = |z′| and hz  hz′ for |z| < |z′|), and h ∈ 1. Then∣∣(h ∗ a)z∣∣C‖h‖1(Mda)z for z ∈ Zn,
where C > 0 is dependent only on n.
In the proof of Theorem 7 we need the boundedness of Calderón–Zygmund operators in the
discrete case, which is proved in Section 3.
Proof of Theorem 7. Since C∞comp(Rn) is dense in (Lp, 
q
w)(R
n), it is enough to show
‖Tf ‖(Lp,qw)  C‖f ‖(Lp,qw) for f ∈ C∞comp
(
R
n
)
.
For f ∈ C∞comp(Rn) and Qζ , ζ ∈ Zn, let
f = f1 + f2,
fi ∈ C∞comp
(
R
n
)
,
∣∣fi(x)∣∣ ∣∣f (x)∣∣, i = 1,2,
suppf1 ⊂ 2Q˜ζ , suppf2 ∩ Q˜ζ = ∅,
where Q˜ζ = (2n + 1)Qζ . Let az =
∫
Qz
f (y) dy, a = {az}z∈Zn , and bz = ‖f ‖Lp(Qz), b =
{bz}z∈Zn . From the boundedness of T on Lp(Rn) it follows that
‖Tf1‖Lp(Qζ )  C‖f1‖Lp(Rn) C
∑
z∈Zn∩2Q˜ζ
‖f ‖Lp(Qz) = C
∑
z∈Zn∩2Q˜ζ
bz.
Using (4), for x ∈ Qζ and ζ ∈ Zn, we have
Tf2(x) =
∫
Rn
K(x, y)f2(y) dy =
∫
Q˜cζ
K(x, y)f (y) dy
=
∫
Q˜cζ
(
K(x,y)−
∑
z∈Zn
K(ζ, z)χQz(y)
)
f (y)dy +
∑
z∈Zn\Q˜ζ
K(ζ, z)az
=
∑
z∈Zn\Q˜ζ
∫
Qz
(
K(x,y)−K(ζ, z))f (y)dy + ∑
z∈Zn\Q˜ζ
K(ζ, z)az.
From (3) it follows that
∣∣Tf2(x)∣∣ ∑
z∈Zn\Q˜ζ
∫
Qz
C
|z− ζ |n ω
( √
n/2
|z− ζ |
)∣∣f (y)∣∣dy +
∣∣∣∣
∑
z∈Zn\Q˜ζ
K(ζ, z)az
∣∣∣∣

∑
z∈Zn\Q˜ζ
C
|z− ζ |n ω
( √
n/2
|z− ζ |
)
bz +
∣∣∣∣
∑
z∈Zn\Q˜ζ
K(ζ, z)az
∣∣∣∣.
Therefore
‖Tf ‖Lp(Qζ )  C
∑
z∈Zn∩2Q˜
bz +
∑
z∈Zn\Q˜
C
|z− ζ |n ω
( √
n/2
|z− ζ |
)
bz +
∣∣∣∣
∑
z∈Zn\Q˜
K(ζ, z)az
∣∣∣∣.
ζ ζ ζ
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‖Tf ‖(Lp,qw) =
∥∥{‖Tf ‖Lp(Qζ )}ζ∈Zn
∥∥

q
w
.
Since the number of points z in Zn ∩ 2Q˜ζ is (4n+ 2)n, by Lemma 11 we have∥∥∥∥
{ ∑
z∈Zn∩2Q˜ζ
bz
}
ζ∈Zn
∥∥∥∥

q
w
C‖b‖qw = C‖f ‖(Lp,qw).
Let
h(z) =
⎧⎨
⎩
1
|z|n ω
(
1
|z|
)
, z = 0,
ω(1), z = 0,
z ∈ Zn.
Then h is positive, radial and radially decreasing. By the doubling condition of ω we have
‖h‖1 ∼
∥∥∥∥
{
1
|z|n ω
(
1
|z|
)}
z∈Zn\{0}
∥∥∥∥
1
∼
∫
|x|1
1
|x|n ω
(
1
|x|
)
dx = C
1∫
0
ω(t)
t
dt < +∞.
By Lemma 14 and Theorem 12 we have∥∥∥∥
{ ∑
z∈Zn\Q˜ζ
1
|z− ζ |n ω
( √
n/2
|z− ζ |
)
bz
}
ζ∈Zn
∥∥∥∥

q
w
 C‖h ∗ b‖qw  C‖h‖1‖Mdb‖qw
 C‖b‖qw = C‖f ‖(Lp,qw).
Finally, applying Theorem 16 in the next section, we have∥∥∥∥
{ ∑
z∈Zn\Q˜ζ
K(ζ, z)az
}
ζ∈Zn
∥∥∥∥

q
w
 C‖a‖qw  C‖b‖qw = C‖f ‖(Lp,qw).
Thus we have the desired conclusion. 
Proof of Theorem 8. Let f ∈ (Lp, ∞w ). For a cube Q with side length greater than or equal
to 1, we define f = f1 + f2, f1 = f χ5Q and
Tf (x) = Tf1(x)+
∫
Rn
K(x, y)f2(y) dy for x ∈ Q. (6)
First, we show Tf (x) is well-defined and independent of the choice of Q containing x. Actually
‖Tf1‖Lp(Q)  C‖f1‖Lp(Rn)  C
∑
z∈Zn,Qz∩5Q =∅
‖f ‖Lp(Qz)
 C
( ∑
z∈Zn,Qz∩5Q =∅
wz
−1
)
‖f ‖(Lp,∞w ). (7)
We assume that ζ ∈ Q∩ Zn. If Qz ∩ (Rn \ 5Q) = ∅, then Qz ∩ 3Q = ∅ and∫ ∣∣K(x,y)f2(y)∣∣dy  C
∫ |f (y)|
(1 + |z− ζ |)n dy  C
‖f ‖Lp(Qz)
(1 + |z− ζ |)n for x ∈ Q.
Qz Qz
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Rn
∣∣K(x,y)f2(y)∣∣dy  ∑
z∈Zn,Qz∩3Q=∅
∫
Qz
∣∣K(x,y)f (y)∣∣dy
 C
∑
z∈Zn,Qz∩3Q=∅
‖f ‖Lp(Qz)
(1 + |z− ζ |)n
 C
( ∑
z∈Zn,Qz∩3Q=∅
wz
−1
(1 + |z− ζ |)n
)
‖f ‖(Lp,∞w )
 C
(
w−1 ∗ θ−1)
ζ
‖f ‖(Lp,∞w ) for x ∈ Q. (8)
Moreover, if x ∈ Q∩Q′ and
f = f1 + f2 = g1 + g2, f1 = f χ5Q, g1 = fχ5Q′ ,
then supp(f2 − g2) is compact and x /∈ supp(f2 − g2). From (4) it follows that∫
Rn
K(x, y)
(
f2(y)− g2(y)
)
dy = T (f2 − g2)(x).
Hence(
Tf1(x)+
∫
Rn
K(x, y)f2(y) dy
)
−
(
T g1(x)+
∫
Rn
K(x, y)g2(y) dy
)
= 0.
Then Tf (x) is well-defined and independent of the choice of Q containing x.
Next, let Q = Qζ in (6). Then we have by (7) and (8)
‖Tf1‖Lp(Qζ )  C
(
w−1 ∗ θ−1)
ζ
‖f ‖(Lp,∞w )
and ∫
Rn
∣∣K(x,y)f2(y)∣∣dy  C(w−1 ∗ θ−1)ζ‖f ‖(Lp,∞w ) for x ∈ Qζ .
This shows the desired result. 
3. Calderón–Zygmund operators in the discrete case
We denote by B(z, r) the ball with center z ∈ Rn and of radius r > 0.
Assume that
B(0, ) ⊂ D ⊂ B(0, r) ⊂ Rn for some , r > 0, (9)
0 ∈ E ⊂ Zn and E is a finite set, (10)
and that kernels K(x,y) (x, y ∈ Rn) and L(ζ, z) (ζ, z ∈ Zn) satisfy
∣∣K(x,y)∣∣ C|x − y|n for y − x /∈ D, (11)∣∣L(ζ, z)∣∣ C
n
for z− ζ /∈ E. (12)|ζ − z|
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TK,Df (x) = lim
η→+∞
∫
{y∈Rn: y−x /∈D, |y−x|<η}
K(x,y)f (y) dy,
⎧⎪⎨
⎪⎩
tL,E : a = {az}z∈Zn → b = {bζ }ζ∈Zn ,
bζ = (tL,E a)ζ = lim
η→+∞
∑
z∈Zn, z−ζ /∈E, |z−ζ |<η
L(ζ, z)az.
Theorem 15. Let 1 <p < ∞, W ∈ Ap(Rn) and w = {W(Qz)}z∈Zn . Assume that D, E, K and L
satisfy (9)–(12). Let there exist a constant c∗ > 0 and a function h on Rn, which is radial, de-
creasing (as a function on (0,∞)), nonnegative and integrable, such that
∣∣K(x,y)−L(ζ, z)∣∣ h(x − y) for y − x /∈ D, z, ζ ∈ Zn, z− ζ /∈ E, x ∈ Qζ , y ∈ Qz
and |ζ − z| c∗. (13)
Then TK,D is bounded on LpW(Rn), if and only if tL,E is bounded on pw(Zn).
Theorem 16. Let ω ∈ Ω and let T be a Calderón–Zygmund operator with a standard kernel
K(x,y) of type ω. Let 0 ∈ E ⊂ Zn and E be a finite set. Then the operator
tK,E : {az}z∈Zn →
{
lim
η→+∞
∑
z−ζ∈Zn\E, |z−ζ |<η
K(ζ, z)az
}
ζ∈Zn
is bounded on pw(Zn) for 1 <p < ∞ and for w ∈ Ap(Zn).
To prove Theorem 15 we state remarks and a lemma.
Remark 17. (i) From (9)–(12) it follows that there exists a constant M > 0 such that
∣∣K(x,y)∣∣M for y − x /∈ D, (14)∣∣L(ζ, z)∣∣M for z− ζ /∈ E. (15)
(ii) We may assume that c∗ in (13) is large enough so that
y − x /∈ D, z− ζ /∈ E, when x ∈ Qζ , y ∈ Qz and |ζ − z| c∗. (16)
Lemma 18. Under the assumption of Theorem 15 and Remark 17, let
h˜(x) =
{
max(2M,h(x)), |x| < c∗ + √n,
h(x), |x| c∗ + √n.
For f ∈ L1comp(Rn), let a = {az}z∈Zn , az =
∫
Qz
f (y) dy. Then
lim
η→+∞
∣∣∣∣
∫
{y∈Rn: y−x /∈D, |y−x|<η}
K(x,y)f (y) dy −
∑
z∈Zn, z−ζ /∈E, |z−ζ |<η
L(ζ, z)az
∣∣∣∣

(
h˜ ∗ |f |)(x) for x ∈ Qζ .
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F
η
x,ζ (y) = K(x,y)χηx (y)−
∑
z∈Zn, z−ζ /∈E, |z−ζ |<η
L(ζ, z)χQz(y) for x ∈ Qζ .
Using the equation
∑
z∈Zn, z−ζ /∈E, |z−ζ |<η
L(ζ, z)az =
∑
z∈Zn, z−ζ /∈E, |z−ζ |<η
L(ζ, z)
∫
Qz
f (y) dy
=
∑
z∈Zn, z−ζ /∈E, |z−ζ |<η
∫
Rn
L(ζ, z)χQz(y)f (y) dy
=
∫
Rn
( ∑
z∈Zn, z−ζ /∈E, |z−ζ |<η
L(ζ, z)χQz(y)
)
f (y)dy,
we have∫
Rn
F
η
x,ζ (y)f (y) dy
=
∫
{y∈Rn: y−x /∈D, |y−x|<η}
K(x,y)f (y) dy −
∑
z∈Zn, z−ζ /∈E, |z−ζ |<η
L(ζ, z)az for x ∈ Qζ .
For any fixed ζ ∈ Zn, since the support of f is compact, there exists η0 > 0 such that for η > η0
suppf ⊂
⋃
|z−ζ |<η−√n, z∈Zn
Qz.
Hence we have for η > η0 and x ∈ Qz∫
Rn
F
η
x,ζ (y)f (y) dy =
∑
|z−ζ |<η−√n
∫
Qz
F
η
x,ζ (y)f (y) dy.
So, if we show that, for large enough η,∣∣Fηx,ζ (y)∣∣ h˜(x − y) for x ∈ Qζ , y ∈ Qz and |z− ζ | < η − √n, (17)
then we have
lim
η→+∞
∣∣∣∣
∫
Rn
F
η
x,ζ (y)f (y) dy
∣∣∣∣= limη→+∞
∣∣∣∣
∑
|z−ζ |<η−√n
∫
Qz
F
η
x,ζ (y)f (y) dy
∣∣∣∣ (h˜ ∗ |f |)(x)
for x ∈ Qζ .
This is the desired result. In the following we show (17).
Let x ∈ Qζ and y ∈ Qz. If |z− ζ | < c∗, then |y − x| < c∗ + √n and∣∣Fηx,ζ (y)∣∣ ∣∣K(x,y)∣∣+ ∣∣L(ζ, z)∣∣ 2M  h˜(x − y).
If c∗  |z − ζ | < η − √n, then y − x /∈ D, |y − x| < η and z − ζ /∈ E by (16). Hence χηx (y) =
χQz(y) = 1, and we have∣∣Fηx,ζ (y)∣∣= ∣∣K(x,y)−L(ζ, z)∣∣ h(x − y) h˜(x − y).
Therefore we have (17). 
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n) be the set of all a ∈ pw(Zn) such that the number of z with az = 0 is finite.
Then pw,finite(Z
n) is dense in pw(Zn). Let LpW,comp(Rn) be the set of all f ∈ LpW(Rn) such that
the support of f is compact. Then LpW,comp(R
n) is dense in LpW(Rn).
Proof of Theorem 15. Assume that TK,D is bounded on LpW(Rn). For a ∈ pw,finite(Zn) let
fa(y) =∑z∈Zn azχz(y). Then fa ∈ Lpcomp(Rn) and ‖fa‖LpW = ‖a‖pw . By Lemmas 18 and 13
we have∣∣(tL,E a)ζ ∣∣ ∣∣TK,Dfa(x)∣∣+ (h˜ ∗ |fa|)(x) ∣∣TK,Dfa(x)∣∣+ ‖h˜‖L1Mfa(x) for x ∈ Qζ .
By the boundedness of the operator M on LpW(Rn) we have
‖tL,E a‖pw  ‖TK,Dfa‖LpW + ‖h˜‖L1‖Mfa‖LpW  C‖fa‖LpW = C‖a‖pw .
Conversely, assume that tL,E is bounded on pw(Zn). For f ∈ LpW,comp(Rn), let
af = {(af )
z
}
z∈Zn and
(
af
)
z
=
∫
Qz
f (y) dy.
Then
∣∣(af )
z
∣∣pwz =
∣∣∣∣
∫
Qz
f (y)W(y)1/pW(y)−1/p dy
∣∣∣∣
p
W(Qz)

∫
Qz
∣∣f (y)∣∣pW(y)dy
( ∫
Qz
W(y)−p′/p dy
)p/p′
W(Qz)
 |W |Ap
∫
Qz
∣∣f (y)∣∣pW(y)dy.
Hence ‖af ‖pw  |W |
1/p
Ap
‖f ‖LpW . By Lemmas 18 and 13 we have∣∣TK,Df (x)∣∣ ∣∣(tL,Eaf )ζ
∣∣+ (h˜ ∗ |f |)(x) ∣∣(tL,Eaf )ζ
∣∣+ ‖h˜‖L1Mf (x) for x ∈ Qζ .
By the boundedness of the operator M on LpW(Rn) we have
‖TK,Df ‖LpW 
∥∥tL,Eaf ∥∥pw + ‖h˜‖L1‖Mf ‖LpW C
∥∥af ∥∥

p
w
+ ‖h˜‖L1‖f ‖LpW C‖f ‖LpW .
The proof is complete. 
Proof of Theorem 16. By Lemma 10 we have W ∈ Ap(Rn) for W = ∑z∈Zn wzχz. Let
D = B(0,1). Then the truncated Calderón–Zygmund operator TK,D is bounded on LpW(Rn)
(see Theorem 6). From (3) it follows that
∣∣K(x,y)−K(ζ, z)∣∣ C min
(
ω(1),
1
|x − y|n ω
(
1
|x − y|
))
for x ∈ Qζ , y ∈ Qz and |ζ − z| 2√n.
By Theorem 15 we have the desired conclusion. 
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Let U = (u1, . . . , un) : Rn → Rn and P : Rn → R. We consider the equation
−P =
∑
j,k
∂xj ∂xk (ujuk), (18)
which is investigated in connection with the Navier–Stokes equation (see [14]).
The Fourier transform and the Riesz transforms of f are defined by
fˆ (ξ) =Ff (ξ) =
∫
Rn
f (x)e−2πix·ξ dx,
Rjf (x) = cn p.v.
∫
yj
|y|n+1 f (x − y)dy, j = 1, . . . , n,
where
cn = 
(
n+ 1
2
)
π−
n+1
2 .
Then the Riesz transforms Rj , j = 1,2, . . . , n, are Calderón–Zygmund operators of type
ω(t) = t with kernels
Kj(x, y) = cn xj − yj|x − y|n+1 , j = 1, . . . , n,
and
F(Rjf )(ξ) = −i ξj|ξ | fˆ (ξ), j = 1, . . . , n.
For U = (u1, . . . , un) :Rn → Rn with uj ∈ C∞comp(Rn), j = 1, . . . , n, let
P =
∑
j,k
RjRk(ujuk). (19)
Then we have P ∈ C∞0 (Rn) and (18) holds, where
C∞0
(
R
n
)= {f ∈ C∞(Rn) : ∂αx f (x) → 0 as |x| → ∞ for any multi-index α}.
Actually, the Fourier transform of (19) is
Pˆ (ξ) = −
∑
j,k
ξj ξk
|ξ |2 F(ujuk)(ξ),
i.e.
|ξ |2Pˆ (ξ) = −
∑
j,k
ξj ξkF(ujuk)(ξ)
and ξαPˆ (ξ) ∈ L1(Rn) for any multi-index α.
Let 2 < p < ∞. Then, using boundedness of Rj on Lp/2(Rn) and Hölder’s inequality, we
have
‖P ‖Lp/2 =
∥∥∥∥
∑
RjRk(ujuk)
∥∥∥∥
Lp/2
 C
∑
‖ujuk‖Lp/2  C
∑
‖uj‖Lp‖uk‖Lp . (20)
j,k j,k j,k
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in the sense of distribution, i.e.
〈P,−φ〉 =
∑
j,k
〈ujuk, ∂j ∂kφ〉 for φ ∈ S.
Applying Theorem 7, we can extend the above estimate to the amalgam space as follows.
Proposition 19. Let 2 <p,q < ∞ and w ∈ Aq/2(Zn). For all
U = (u1, . . . , un) ∈
((
Lp, qw
)(
R
n
))n
,
we can find P ∈ (Lp/2, q/2w )(Rn) such that (18) holds in the sense of distribution and
‖P ‖
(Lp/2,q/2w )
 C
∑
j,k
‖uj‖(Lp,qw)‖uk‖(Lp,qw).
Proof. By Theorem 7 we have the boundedness of Rj on (Lp/2, q/2w )(Rn). Using Hölder’s
inequality for amalgam spaces and the density of C∞comp(Rn) in (Lp, 
q
w)(R
n), we have the con-
clusion. 
However we point out that this estimate cannot extend to (Lp, c0)(Rn).
Proposition 20. Let 2 <p < ∞. Then there exists a function U = (u1, . . . , un) ∈ ((Lp, c0)(Rn))n
such that T U =∑j,k RjRk(ujuk) is not well-defined.
Remark 21. It is known that the composition of the Riesz transforms are expressed by using
singular integral operators as follows
R2j f (x) = −
1
n
f (x)− c′n p.v.
∫ ( 1
n|y|n −
y2j
|y|n+2
)
f (x − y)dy,
RjRkf (x) = −c′n p.v.
∫
yjyk
|y|n+2 f (x − y)dy, j = k,
where
c′n =
n(n− 2)((n− 2)/2)
4πn/2
.
These singular integral operators are Calderón–Zygmund operators of type ω(t) = t .
Proof of Proposition 20. Let U = (v1/2,0, . . . ,0), v(x) = φ(x)ψ(x)/ log(2 + |x|), where
φ,ψ ∈ C∞(Rn), 0 φ  1, 0ψ  1,
suppφ ⊂ Rη ∩
{|x| 1}, φ(x) = 1 for x ∈ Rη/2 ∩ {|x| 2},
suppψ ⊂ {|x|N + 1}, ψ(x) = 1 for |x|N + 2, N is sufficiently large, and
Rη =
{
x ∈ Rn: nx
2
1
|x|2 
1
2
+ η
}
, 0 < η <
1
8
.
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suppv(z− ·) ⊂ R2η ∩
{|x|N},
v(z− x) = 1
log(2 + |z− x|) for x ∈ Rη/4 ∩
{|x|N + 3}.
In this case, U ∈ ((Lp, c0)(Rn))n and
T U(z) = R21v(z) = −
1
n
v(z)− c′n p.v.
∫ ( 1
n|y|n −
y21
|y|n+2
)
v(z− y)dy.
For |z| < 1, we have
p.v.
∫ ( 1
|y|n −
ny21
|y|n+2
)
v(z− y)dy =
∫
R2η∩{|y|N}
(
1
|y|n −
ny21
|y|n+2
)
v(z− y)dy

(
1
4
) ∫
R2η∩{|y|N}
1
|y|n v(z− y)dy

(
1
4
) ∫
Rη/4∩{|y|N+3}
1
|y|n log(2 + |z− y|) dy
 C
∞∫
N+3
1
r log r
dr = +∞. 
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